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Let D be a quasi-symmetric design with block intersection numbers 0 and y. For any fixed 
block B of D, let D B denote the incidence structure whose points are the points of D not in B 
and whose blocks are the blocks of D disjoint from B. If D is an extension of a symmetric 
design, Cameron showed that D ,  is a design and the parameters of D are exactly one of four 
types. We prove the converse: If D B is a design, then D is the extension of a symmetric design. 
1. Introduction 
Let D be a design (2-design or a BIBD) with the standard parameters 
(v, b, r, k, )t). It is well known that symmetric designs are precisely those designs in 
which any two distinct blocks intersect in exactly )t points. A design is called 
quasi-symmetric if the block intersection umbers are either x or y (0 ~< x < y < k) 
and both values are realized. 
Suppose now D is a 3-design and that any three distinct points of D are 
contained in exactly )t3 blocks of D. For any point p of D, consider the blocks of 
D containing p and remove p from them. The resulting configuration is a design 
called the derived design Dd(p). The remaining blocks form a design called the 
residual design Dr(p). It is well known ([3]) that the parameters of Dd(p) are 
v' = v - 1, b' = r, r' = )t, k' = k - 1, )t' = )t3. Those of Dr(p) are v"= v - 1, b"  = b - r, 
r" = r -  )t, k" = k, )t" = )t - )t3. 
If H is a design and D a 3-design such that Dd(p) and H are isomorphic for 
some point p of D, then D is called an extension of H and H is said to be 
extendable. The following result is due to Cameron [2]. 
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Theorem 1.1. I f  H is an extendable symmetric design with parameters (v, k, )t), 
then exactly one of the following holds: 
(i) H is a Hadamard design with v = 4)t + 3, k = 2)t + 1. 
(ii) v = (h +2)()t2+4A +2), k = h2+3)t + 1. 
(iii) v= l l l ,  k=11,  h=l .  
(iv) v = 495, k = 39, )t = 3. 
Cameron used the following device in the proof of the above result. If D is an 
extension of a symmetric design, then for any point p, Dd(p) is a symmetric 
design. Thus, any two blocks containing p intersect in A further points. So any two 
blocks of D intersect in x = 0 or y = )t + 1 points. That is, D is a quasi-symmetric 
design. Further, if B is any block of D, the incidence structure DB with point set, 
the points of D not in B, and with block set, the blocks of D disjoint from B 
forms a 2-design (possibly trivial). Using DB, Cameron derives Theorem 1.1. 
In this paper, we examine the converse situation. We start with a quasi- 
symmetric design D (v, b, r, k, h) having block intersections 0 and y. Let B be any 
block of D. We form the incidence structure DB. It is easily seen that DB is a 
tactical configuration on v - k points, with b - 1 - k( r -  1)/y blocks of size k each, 
and in which each point of DB occurs on r--kMy blocks. 
If )t = 1, it follows that DB is never a 2-design (Proposition 2.5). However, if we 
assume that DB is a design, this forces D to be the extension of a symmetric 
design (Theorem 2.7). In view of Cameron's proof of Theorem 1.1, we obtain the 
characterization of the extensions of a symmetric design (Corollary 2.8). 
Moreover, our proof of Theorem 2.7 also easily gives Cameron's parameters in 
Theorem 1.1. (Remark 2.10). 
One of our Corollaries (Corollary 2.9) is of independent interest. It asserts that 
if DB is a design, then k divides 2y(y + 1). This result is in the same spirit as one 
of the main results of [1]. This result of [1] is that quasi-symmetric designs with 
x = 0, y t> 2 and having no three mutually disjoint blocks satisfy 2y <~ k ~< y(y + 1). 
The method employed in [ 1], is however quite different. 
2. Main results 
From now on D = (P,/3) denotes a quasi-symmetric design with point set P and 
block set/3. The two block intersection umbers are 0 and y. Call two blocks B 
and C parallel if IB n CI = 0. 
Lemma 2.1. Let p be a point and B a block of D such that pC B. Then there exist 
r -k ) t /y  blocks incident with p which are parallel to B. 
Proof. Let A = {(p, q, C) J C ~/3, C f3 B ~ • p e C, q ~ C f3 B}. Suppose there are t 
A characterization f the extensions of symmetric designs 303 
blocks C such that p~C,  Cf ' IB~O.  Then, IAI= ty= kX, gives t= kMy. Hence 
there are r -kMy blocks incident with p that are parallel to B. [] 
Detln|tion 2.2. Let B ~/3 be a fixed block of D. Let DB be the incidence structure 
whose points are the points of P not in B, and whose blocks are the blocks of D 
that are parallel to B. We assume the incidence relation in D B to be the same as 
in D. 
Then, the following two lemmas are evident. 
Lemma 2.3. The incidence structure DB is a tactical configuration with the (usual) 
parameters (v - k, b - 1 -  k ( r -  1)/y, r -  kMy, k). 
Lemma 2.4. Let D be any quasi-symmetric design with block intersection umbers 
x and y. Then, (x, y) = (0, 1) /I' and only if h = 1. 
Prolmsition 2.$. Let D be a (quasi-symmetric) design with h = 1. Then, DB is a 
tactical configuaration with any two points occurring on 0 or 1 blocks of D, and DB 
is never a design. 
Proof. Let D be a (quasi-symmetric) design with h = 1. Let B be any block of D. 
Let p be any point of D such that p~ B. Then, there exist points s and t, s ~ B, 
t6 B such that the block through p and s intersects B, while the block through p 
and t is parallel to B. Hence in DB, p and s occur on 0 blocks while p and t occurs 
on 1 block. [] 
Remark 2.6. If D is a quasi-symmetric design with x = 0 and DB is a design, then 
h>l .  
Theorem 2./.  Let D be a quasi-symmetric design with parameters (v, b, r, k, A) and 
block intersection umbers x = 0 and y > 1. If  DB is a design, [or any block B 
through a fixed point, then D is the extension of a symme~c design. 
Proof. Suppose DB is a design and let any two points of DB occur on A' blocks of 
DB. It follows that DB is a quasi-symmetric design with parameters (v - k, b - 1 -  
k ( r -  1)/y, r -  kMy, k, A') with block intersections 0 and y. It follows easily (e.g., 
Lemma 2.3, [1]) that 
(y-l)(r -k-~-- I) 
and 
=(h ' - l ) (k -1 )  (1) 
(y - l)(r- I) = (X - l)(k - I). (2) 
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From (1) and (2), we get 
k)t (y - 1) 
(x -x ' )=  (3) 
y (k -  1) " 
Now, each point of P\B  occurs on kh/y blocks that are incident with B. Hence, 
if we let D B = (P',/3'), where P '=PkB and [3 '={C\(CNB)[  C~ [3, [Cf3B[= y}, 
then D B is a design with parameters (v -  k, ( r -1 )k /y ,  kh/y, k-y ,  h -h ' ) .  Hence, 
we have 
kA (k - y - 1) 
~.-~. '= (4) 
y (v -k - l ) "  
Equat ing (4) and (3), we get 
(k2 -3k+2y)  
v - (5 )  
(y - l )  
Then, r(k - 1) = h (v - 1) gives 
h (k2-3k+y+ 1) 
r = (6) 
(y -  1 ) (k -  1) 
Also, from (2), we have 
hk-h -k  + y 
r = (7) 
(y -  1) 
Equat ing (6) and (7), we obtain after some simplification 
h(k -y )=(k -1) (k -y ) .  (8) 
Since y ~ k, this gives 
h=k-1 ,  (9) 
k -y  
h '= (10) 
Y 
Now, ) t (v -  1)= r (k -  1) and (9), yield 
r = v - 1. (11) 
Since x = 0 in the design D, the blocks incident with a point of D form a design 
with parameters (r, v - 1, k - 1, )t, y - 1). By (9), this design is symmetric. Hence, 
D is the extension of a symmetric design with parameters (v - 1, r, )t, k - 1, y - 1). 
Coroihu'y 2.8. Let D be a quasi-symmetric design with block intersections x = 0 
and y > 1. Then D is an extension of a symmetric design if and only if DB is a 
design for any block B of D through a fixed point. 
ProoL The proof of the necessity is implicit in Cameron's proof of Theorem 1.1. 
The sufficiency follows by the above theorem. []  
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ComUsry 2.9. If DB is a design, then k divides 2y(y + 1). 
Proof. Since DB is a design, we know by (5), (7), and (9), the values v and r of 
the design D(v, b, r, k, )t). Then 
vr (k2 -3k+2y)  (k2 -3k+y+l )  
b - - 
k k (y -1 )  (y - l )  
is an integer, implies that k must divide 2y(y + 1). [] 
Remark 2.10. Using the results of this paper we have proved that if DB is a 
design then D must be the extension of a symmetric design. Moreover we can also 
show, using Corollary 2.9 and standard arguments that the parameters of D are 
precisely those guaranteed by Cameron's result. 
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